Ekpyrotic Perturbations With Small Non-Gaussian Corrections by Fertig, Angelika et al.
ar
X
iv
:1
31
0.
81
33
v2
  [
he
p-
th]
  6
 N
ov
 20
13
Ekpyrotic Perturbations With Small Non-Gaussian Corrections
Angelika Fertig,1 Jean-Luc Lehners,1 and Enno Mallwitz1
1Max–Planck–Institute for Gravitational Physics (Albert–Einstein–Institute), 14476 Potsdam, Germany
The entropic mechanism for producing nearly scale-invariant density perturbations in a contracting
ekpyrotic universe relies on having an unstable scalar potential. Here we develop a variant of this
mechanism (recently proposed by Qiu, Gao and Saridakis, and by Li), in which there exists a
non-trivial coupling between adiabatic and entropic fields, and where an unstable potential is not
required. In the model nearly scale-invariant entropy perturbations are generated first. Remarkably,
we find that the bispectrum of these perturbations vanishes, with the values of the non-Gaussianity
parameters of local, equilateral and orthogonal type all exactly zero. Subsequently, the entropy
perturbations can be converted into curvature perturbations by a variety of mechanisms. The
bispectrum of the curvature perturbations depends on the non-linearity of the conversion process
and is thus more model-dependent – however, for an efficient conversion process the final bispectrum
remains small. The only distinguishing feature compared to single-field slow-roll inflationary models
is an absence of primordial gravitational waves. Thus the present model provides a perfect match
to current data from the PLANCK satellite.
Recent measurements by the PLANCK satellite show
the early universe to have been extraordinarily simple
[1–3]: not only approximately flat, homogeneous and
isotropic, but also containing nearly scale-invariant and
Gaussian density fluctuations. A major goal of cosmol-
ogy is to find a convincing explanation for this initial
state. The most popular current model is that of single-
scalar-field inflation with a flat plateau-like potential,
and the predictions of such a model are indeed in good
agreement with observations. However, from a theoret-
ical point of view, plateau models of inflation present
significant challenges (see e.g. [4]), the most important
one being perhaps that they typically lead to the run-
away behavior of eternal inflation [5]: the implied infinity
of disconnected and physically different universes causes
the theory to lose all its predictive power and renders its
naive predictions questionable.
This situation suggests two complementary ap-
proaches: the first is to try to resolve the inflationary
challenges. The second is to look for alternative theories
which might be able to explain the same cosmological
data without however presenting us with conceptual co-
nundrums. In the present paper we will be concerned
with the second approach.
An attractive alternative to inflation are ekpy-
rotic/cyclic models of the universe [6–8]. In these models
the universe alternates between contracting and expand-
ing phases, with the Big Bang corresponding to the re-
versal from contraction to expansion. The cosmological
flatness problem can be solved during the contracting
phase so long as the equation of state of the universe,
w = p/ρ (with p being the pressure and ρ the energy
density), is larger than 1. This can be achieved by hav-
ing a scalar field φ with a steep and negative potential.
Here we will consider potentials that are of exponential
form,
V (φ) = −V0e−cφ, (1)
and the requirement w > 1 is then equivalent to c >
√
6.
In the presence of a second scalar field χ with a canoni-
cal kinetic term and an unstable direction in the potential
V,χχ < 0, nearly scale-invariant (quantum) entropy fluc-
tuations get amplified to become classical perturbations,
which can then be converted into curvature perturbations
before the Big Bang [9–12]. In this “entropic mechanism”
the spectrum is predicted to be close to scale-invariant,
while the local bispectrum can take on a range of values
[13–15], including the values favored by PLANCK [3, 16].
The fact that an unstable potential is required (the con-
sequences of which are discussed in [17]) is perceived by
many as the weakest point of the model [45].
The Model. In the present paper we are interested in
a new mechanism for generating ekpyrotic density per-
turbations. This mechanism was proposed by Qiu, Gao
and Saridakis [18] as well as by Li [19], and it has the
advantage that it does not require an unstable potential.
In fact, in this new model, which we will refer to as the
“non-minimal entropic mechanism”, the potential does
not depend on the second scalar χ at all, but one intro-
duces a non-minimal coupling between the scalars φ and
χ in the kinetic term for χ, by considering the Lagrangian
(in natural units 8πG = M−2Pl = 1)
L = √−g
[
R
2
− 1
2
∂µφ∂
µφ− 1
2
e−bφ∂µχ∂
µχ+ V0e
−cφ
]
,
(2)
where for now we assume b, c to be constants. In
a flat Friedmann–Lemaıˆtre-Robertson-Walker (FLRW)
universe, with metric ds2 = −dt2+a(t)2δijdxidxj , where
a(t) is the scale factor and with ˙≡ ddt , the equations of
motion are given by
φ¨+ 3Hφ˙+ cV0e
−cφ = −1
2
be−bφχ˙2, (3)
χ¨+
(
3H − bφ˙
)
χ˙+ ebφV,χ = 0, (4)
H2 =
1
6
(
φ˙2 + e−bφχ˙2 − 2V0e−cφ
)
. (5)
Since the potential V (φ) does not depend on χ, it is clear
that χ = constant is a solution. The remaining equations
2then reduce to those for a single scalar in an ekpyrotic
potential, and they admit the scaling solution [6]
a ∝ (−t)1/ǫ, φ =
√
2
ǫ
ln
[
−
(
V0ǫ
2
(ǫ − 3)
) 1
2
t
]
, ǫ =
c2
2
, (6)
where t is negative and runs from large negative to-
wards small negative values. Here ǫ ≡ φ˙2/(2H2) is di-
rectly related to the equation of state w = 2ǫ/3 − 1
and hence ǫ > 3. A standard analysis shows that in
order to solve the flatness problem |aH | has to grow
by at least 60 e-folds over the course of the ekpyrotic
phase. Using Eq. (3), this implies a minimum field range
|∆φ| > 60√2ǫ/(ǫ− 1). It is over this field range that the
potential must take the form expressed in Eq. (1). As
is intuitively clear, the steeper the potential, the shorter
the required field range.
Entropy Perturbations. Having discussed the back-
ground, we now turn our attention to the fluctuations.
The main source of perturbations in the non-minimal en-
tropic model are the entropy fluctuations. These corre-
spond to fluctuations that are transverse (in scalar field
space) to the background trajectory. A useful defini-
tion for the entropy perturbation is given by the gauge-
invariant quantity δs = e−
b
2
φδχ, whose linearized equa-
tion of motion in Fourier space is given by [20]
δ¨s+ 3Hδ˙s+
[
k2
a2
− b
2
4
φ˙2 − b
2
V,φ
]
δs = 0, (7)
where k denotes the wavenumber of the fluctuation mode.
Switching to conformal time, defined via dt = adτ, with
′ ≡ ddτ , and defining the canonically normalized entropy
perturbation vs ≡ aδs, we obtain
v′′s +
[
k2 − a
′′
a
− b
2
4
φ′2 − b
2
a2V,φ
]
vs = 0. (8)
Imposing the usual boundary condition that in the far
past/on small scales the mode function is that of a fluc-
tuation in Minkowski space, lim
kτ→−∞
vs =
1√
2k
e−ikτ , up
to an irrelevant phase the solution is
vs =
√
π
4
√−τH(1)ν (−kτ), (9)
where H
(1)
ν denotes a Hankel function of the first kind.
At late times/on large scales, the entropy perturbations
then scale as
vs ∝ k−ν(−τ)1/2−ν (|kτ | ≪ 1). (10)
Defining a parameter ∆ ≡ bc−1, the spectral index comes
out as [19]
ns = 4− 2ν = 1− 2∆ ǫ
(ǫ− 1) , (11)
where we did not have to make any approximations (this
was overlooked in [19]). When the two exponents b and
c in the original Lagrangian (2) are equal, we obtain an
exactly scale-invariant spectrum, ns = 1. However, when
b and c differ sightly, we obtain deviations from scale-
invariance. Since we have ǫ > 3, the deviation from scale-
invariance is always between −3∆ and −2∆. Thus, if b is
larger than c by about two percent, we obtain the central
value ns = 0.96 reported by the PLANCK team [1].
Using the large-scale expression for the mode functions
(10), with ν given in (11), we can find the time depen-
dence of the original scalar field fluctuation δχ :
δχ = e
b
2
φ vs
a
∝ (−aτ) bc (−τ) 12−ν 1
a
= constant. (12)
Thus δχ tends to a constant on large scales, irrespective
of the values of b and c, implying that this solution is
stable for any values of the spectrum. The fact that δχ
is precisely constant (in the large-scale limit) will also
have implications for the non-Gaussian corrections.
(No) Non-Gaussianity During The Ekpyrotic Phase.
In recent years, non-Gaussian corrections have become
accessible to experiments and are playing an increasingly
important role in discriminating between different cos-
mological scenarios. In the present paper, we will limit
ourselves to calculating the bispectrum of the perturba-
tions, leaving a calculation of higher n-point functions to
future work.
Since our model does not contain kinetic terms with
more than two derivatives, it is immediately clear that
non-Gaussianities of “equilateral” and “orthogonal” type
are not going to get generated [21]. Thus we can focus on
evaluating the 3-point function of “local” shape, which
amounts to calculating the second order term in a Taylor
series expansion (in real space) of the perturbations. We
first evaluate the local bispectrum of the entropy pertur-
bations. To this end, we expand the equation of motion
for χ, Eq. (4), to second order. In doing so, one has to
keep in mind the definitions of the perturbed scalar fields
at second order. In comoving gauge, which is the gauge
we will work in from now on, they are given by [22]
δφ(2) = −δs
(1)
2
(
δs(1)′
φ′
+
b
2
δs(1)
)
, δχ(2) = e
b
2
φδs(2),
(13)
where we have indicated the perturbative order by a su-
perscript. Since the potential does not depend on χ, and
since the background satisfies χ˙ = 0, it is then clear that
the perturbed equation of motion will be identical to that
at first order, Eq. (7). There arises no source term for
the second-order entropy perturbation δs(2), and we have
the solution
δs(2) = 0. (14)
Hence no intrinsic non-Gaussianity is generated for the
entropy perturbations! This is in contrast with the stan-
dard entropic mechanism, where the entropy perturba-
tions develop significant local non-Gaussian corrections
[13, 16, 23–25].
3The non-Gaussianities that are constrained by CMB
measurements are those of the curvature perturbations
ζ, defined as local perturbations in the scale factor,
ds2 = −dt2 + a(t)2e2ζ(t,xi)dxidxi. (15)
During the ekpyrotic phase, curvature perturbations at
linear order are not amplified [12, 26], nor are they
sourced by the entropy perturbations. However, at sec-
ond order curvature perturbations can be sourced by the
entropy fluctuations [13]. To evaluate this contribution,
we have to study the evolution equation for the curva-
ture perturbations. A useful expression is provided by
the following equation (which can be obtained by a triv-
ial extension of known derivations [24, 27, 28] to the case
of having a non-flat metric in field space), valid on large
scales and expressed in comoving gauge (δρ = 0),
ζ˙ =
2HδV
φ˙2 − 2δV . (16)
This remarkably simple equation is valid to all orders
in perturbation theory. During the ekpyrotic phase, at
second order and in conformal time, Eq. (16) becomes
ζ(2)′ = −Ha
2V,φ
φ′2
δs(1)
(
δs(1)′
φ′
+
b
2
δs(1)
)
. (17)
Using the late-time/large-scale expression for the entropy
mode functions (10), we obtain
δs(1)′
φ′
+
b
2
δs(1) =
1
a
[
v′s
φ′
− Hvs
φ′
+
b
2
vs
]
= 0. (18)
Thus, amazingly enough, at second-order there is also no
curvature perturbation generated during the ekpyrotic
phase. This can be understood heuristically from the fact
that the linearized solution is given by δχ(1) = constant :
if one thinks of the perturbation in the potential δV (2)
at second order (in Eq. (16)) as a linear perturbation
around the linearized solution, then it is clear that this
vanishes in the same way as the linear perturbation van-
ishes around the constant χ background solution.
Time-varying equation of state. In order to have a
successful model of the early universe, at some point the
ekpyrotic phase must come to an end, which is most eas-
ily achieved if ǫ diminishes during the ekpyrotic phase.
Thus, we are led to extend our model by allowing ǫ to be
a slowly-varying function of time. Expressing the change
in ǫ in terms of scale-factor “time” dN = d ln a, with
d
dt = H
d
dN , we can derive the following relations, valid
in the large ǫ limit (see also [11])
φ′ ≈ τ−1
√
2
ǫ
(
1 +
1
ǫ
+
ǫ,N
ǫ2
+O
(
1
ǫ2
))
, (19)
a2V,φ ≈ τ−2 1√
2ǫ
(
2− 2
ǫ
+ 3
ǫ,N
ǫ2
+O
(
1
ǫ2
))
. (20)
The spectral index can then be approximated by
ns − 1 = −2∆
(
1 +
1
ǫ
)
− 7
3
ǫ,N
ǫ2
+O
(
1
ǫ2
)
. (21)
AsN decreases during the ekpyrotic phase, a decreasing ǫ
implies ǫ,N > 0, which shifts the spectrum of the pertur-
bations slightly to the red. For the most symmetric case
where originally b = c, such a correction can naturally
induce the observed small red tilt [1].
The calculation of non-Gaussianities also changes
somewhat, as we now obtain
δs(1)′
φ′
+
b
2
δs(1) = −1
6
vs
a
√
ǫ
2
(
ǫ,N
ǫ2
+O
(
1
ǫ2
))
. (22)
Then there exists a small source term for the second-
order curvature perturbation during the ekpyrotic phase,
ζ(2)′ = − 1
12
v2s
a2
1
(−τ)
(
ǫ,N
ǫ2
+O
(
1
ǫ2
))
. (23)
If we approximate the time dependence of the fluctua-
tion modes vs/a ∝ 1/τ then we can easily perform the
integral, obtaining
ζ
(2)
ek−end = −
1
24
(δsek−end)
2
(
ǫ,N
ǫ2
+O
(
1
ǫ2
))
, (24)
where the subscript ek−end refers to the end of the ekpy-
rotic phase. We can see that the coefficient of (δsek−end)2
is tiny, of O(10−2) at most for realistic cases. Thus, even
with a time-varying equation of state, the non-minimal
entropic mechanism generates perfectly Gaussian entropy
perturbations and essentially vanishing curvature pertur-
bations over the course of the ekpyrotic phase.
The Final Curvature Perturbations. What we observe
in the cosmic background radiation are not entropy per-
turbations, but rather the observed temperature fluctua-
tions stem directly from curvature perturbations. Thus,
for our model to be viable, we must ensure that the en-
tropy perturbations can get converted into curvature fluc-
tuations. Several possibilities for such a conversion pro-
cess have already been discussed in the literature.
The first is most easily explained by rewriting Eq. (16)
in terms of θ˙ = V,s/φ˙, which represents the rate of change
of the angle of the trajectory in scalar field space [29]. At
linear order one obtains
ζ˙ =
2H
φ˙
θ˙δs =
√
2
ǫc
θ˙δs, (25)
where ǫc denotes the value of ǫ during the conversion pro-
cess. This equation illustrates that whenever the back-
ground trajectory bends, curvature perturbations are
generated. Since there is no k-dependence in Eq. (25),
their spectrum will be identical to that of the entropy
perturbations that source them, and thus will be given
by Eq. (11) or (21). A bending could either occur at the
end of the ekpyrotic phase [30, 31], or during the sub-
sequent kinetic phase where the ekpyrotic potential has
become unimportant [11]. For these two possibilities, we
can estimate the amplitude of the curvature perturbation
by approximating ǫc and δs as constants over the time
4of the conversion, and assuming a total bending angle of
about 1 radian, ∆θ ≈ 1, giving ζfinal ≈ 1√ǫc δsek−end and
leading to a power spectrum
Pζ =
k3
(2π)2
〈ζ2final〉 ≈
(ǫ− 1)2
ǫc(ǫ− 3)
Vek−end
(2π)2
, (26)
where Vek−end corresponds to the energy scale of the
deepest point in the potential. Unless the fast-roll pa-
rameter ǫ during the ekpyrotic phase is very close to 3,
this implies that (just as for the standard entropic mech-
anism) the potential has to reach the grand unified scale
Vek−end ≈ (10−2MPl)4 in order for the curvature per-
turbations to have an amplitude in agreement with the
observed value of about 2× 10−9 [1].
Another possibility, of a somewhat different character,
is that conversion can occur at the bounce itself via the
process of modulated (p)reheating [32]. The idea here
is that at the bounce massive matter particles can be
copiously produced, with their subsequent decay into or-
dinary fermions being modulated by a coupling function
h(δs). As shown in [32], the amplitude of the resulting
perturbations is proportional to h,s/h, and thus all pre-
dictions depend on the ability to derive the precise form
of h(δs) in a realistic setting. This conversion model has
the property that no bending of the trajectory need to
occur before the bounce.
The final non-Gaussianity in the curvature pertur-
bation will depend on the non-linearity of the conver-
sion process, and thus the final answer will be model-
dependent. Nevertheless, we can get a general idea of
the magnitude of the resulting non-Gaussianities by re-
writing Eq. (16) up to second order in yet another form,
ζ =
∫
dN
[
2δV
φ˙2
+
(
2δV
φ˙2
)2]
. (27)
We may expect the conversion process to occur over
about one e-fold of evolution of the universe. If the con-
version process is efficient, i.e. if δV/φ˙2 does not vary
much and in particular does not change sign over this
e-fold of conversion, then we will have ζ(2) ≈ (ζ(1))2 and
f localNL ≡
5
3
ζ(2)
(ζ(1))2
∼ O(1). (28)
In this case the primordial local non-Gaussianity is of
the same order of magnitude as the non-linear evolution
that takes place between the surface of last scattering
and now [33, 34]. Moreover, the contribution from the
ekpyrotic phase in the case of non-constant ǫ, given in Eq.
(24), is then completely negligible. We can compare these
expectations with the observations from the PLANCK
satellite, which measured f localNL = 2.7±5.8 at the 1σ level
[3]. Thus, in this case our model is in perfect agreement
with observations.
Interesting questions for future research are to investi-
gate under what conditions the conversion process is in-
deed efficient, and how the conversion process may best
fit together with the bounce dynamics. What the non-
minimal entropic mechanism ensures is that the starting
point is ideal in that the perturbations coming out of the
ekpyrotic phase have an essentially vanishing bispectrum.
Discussion. As a model of the early universe, an ekpy-
rotic phase employing the non-minimal entropic mecha-
nism has many compelling features. Contrasting with the
standard entropic mechanism, we note that: 1. The ini-
tial conditions problem is markedly improved here, since
the potential is everywhere stable. 2. The equation of
state can be small ǫ & 3, since near scale-invariance of
the spectrum results from b ≈ c, regardless of the value
of c. 3. The entropy perturbations generated during the
ekpyrotic phase have an exactly vanishing bispectrum.
Contrasting with single-field plateau models of infla-
tion, we note that: 4. The measure problem is es-
sentially absent, since the ekpyrotic smoothing phase
proceeds almost entirely at a very small Hubble rate
[35, 36]. 5. If the process of converting entropic into
curvature perturbations is efficient, the resulting curva-
ture perturbations will have a small bispectrum, with
non-Gaussianity parameters practically indistinguishable
from those in single-field inflation, fequilNL = f
ortho
NL = 0
and f localNL = O(1). 6. In contrast to inflation, but just
as in other ekpyrotic models, no large-amplitude primor-
dial gravitational waves are produced [37, 38]. Detecting
these would in fact be the best way to falsify the model.
Thus we find that rather than adding an infinity of
universes that are all physically different from each other,
like eternal inflation does, the present model explains the
current cosmological data with the addition of one scalar
field and more involved dynamics. This appears to us to
be an acceptable price to pay.
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